We study Ruan's cohomological crepant resolution conjecture [39] for orbifolds with transversal ADE singularities. In the A n -case we compute both the orbifold cohomology ring H * orb ([Y ]) and the quantum corrected cohomology ring H
Introduction
Orbifold cohomology was defined by Chen and Ruan [10] for almost complex orbifolds. This was extended to a non-commutative ring by Fantechi and Göttsche [17] in the case where the orbifold is a global quotient. Abramovich, Graber and Vistoli defined the orbifold cohomology in the algebraic case [1] .
Let [Y ] be a complex Gorenstein orbifold such that the coarse moduli space Y admits a crepant resolution ρ : Z → Y . Then, under some technical assumptions on Z, Ruan's cohomological crepant resolution conjecture [39] predicts the existence of an isomorphism between the orbifold cohomology ring H * orb ([Y ], C) and the so called quantum corrected cohomology ring of Z. The later is a deformation of the ring H * (Z, C) obtained using certain Gromov-Witten invariants of rational curves in Z which are contracted under the resolution map ρ. Notice that if Z carries an holomorphic symplectic structure, then this conjecture also predicts the existence of an isomorphism between the orbifold cohomology ring of [Y ] and the cohomology ring of Z.
An interesting testing case for the conjecture is the one of the Hilbert scheme Hilb r M of r points on a projective surface M . It is a crepant resolution of the symmetric product Sym r M via the Chow morphism. In this case the conjecture was proved by W.-P. Li and Z. Qin for r = 2 [26] , for r general and M with numerically trivial canonical class by Fantechi and Göttsche [17] (using the explicit computation of the ring H * (Hilb r M ) given by Lehn and Sorger [24] ), and independently by Uribe [43] . A different and self-contained proof of this result was given by Z. Qin and W. Wang [35] . In the same situation but with M quasi-projective with a holomorphic symplectic form, the conjecture was proved by W.-P. Li, Z. Qin and W. Wang [27] . In particular this result generalizes the case of the affine plane obtained by Lehn and Sorger [25] and Vasserot [44] independently. The general case where Y = V /G with V complex symplectic vector space and G ⊂ Sp(V ) finite subgroup was proved by Ginzburg and Kaledin [20] . Let us point out that in the previous cases (except [26] ) the resolution Z carries a holomorphic symplectic structure, A complex orbifold [Y ] means a complex orbifold structure over the topological space Y . In this context, Y has the complex topology. Our references for orbifolds are [10] , [31] and [33] . In particular notations are taken from [33] .
We will work with cohomology groups with complex coefficients, although many results are valid for rational coefficients.
The cohomological crepant resolution conjecture
In this section we recall the statement of the cohomological crepant resolution conjecture as given by Y. Ruan in [39] . The conjecture claims a precise relation between the orbifold cohomology ring of a complex orbifold [Y ] and the cohomology ring of a crepant resolution of Y , when such a resolution exists. Notice that, if [Y ] is Gorenstein, then the algebraic variety Y is also Gorenstein and in particular the canonical sheaf K Y is locally free (see e.g. [36] and [37] for more details).
Definition 1.2 ([37]). Let Y be a Gorenstein variety. A resolution of singularities
Crepant resolutions of Gorenstein varieties with quotient singularities are known to exist in dimension d = 2, 3. In particular, for d = 2 a stronger result holds: every normal surface Y admits a unique crepant resolution [2] . In dimension d = 3 the existence of a crepant resolution is proven e.g. in [38] and in [9] , however the uniqueness result does not hold. In dimension d ≥ 4 crepant resolutions not always exist.
We will work under the following 
We assume that the extremal rays contracted by ρ are generated by n rational curves whose homology classes β 1 , ..., β n are linearly independent over Q. Then β 1 , ..., β n determine a basis of Ker ρ * called integral basis [39] .
The homology class of any effective curve that is contracted by ρ can be written in a unique way as Γ = n l=1 a l β l , with a l positive integers. For each β l , we assign a formal variable q l , so Γ corresponds to q a1 1 · · · q an n . The quantum corrected 3-point function is γ 1 , γ 2 , γ 3 qc (q 1 , ..., q n ) := a1,...,an>0
where γ 1 , γ 2 , γ 3 ∈ H * (Z) are cohomology classes, Γ = n l=1 a l β l , and Ψ Z Γ (γ 1 , γ 2 , γ 3 ) is the genus zero Gromov-Witten invariant of Z [39] . Assumption 1.4. We assume that (2) defines an analytic function of the variables q 1 , ..., q n on some region of the complex space C n . It will be denoted by γ 1 , γ 2 , γ 3 qc . In the following, when we evaluate γ 1 , γ 2 , γ 3 qc on a point (q 1 , ..., q n ), we will implicitly assume that it is defined on such a point.
We now define a family of rings depending on the parameters q 1 , ..., q n . As said, this conjecture needs to be slightly modified. In the A n -case we propose the following 
Orbifolds with ADE-singularities
In this Section we define orbifolds with transversal ADE-singularities. They are generalizations of Gorenstein orbifolds associated to quotient surface singularities, also called rational double points. Therefore we first recall the definition of such surface singularities and collect some properties. We will follow [2] , [14] , [15] .
Rational double points
Definition 2.1. A rational double point (in short RDP) is the germ of a surface singularity R ⊂ C 3 which is isomorphic to a quotient C 2 /G with G a finite subgroup of SL(2, C).
Rational double points are Gorenstein. Indeed every variety with symplectic singularities is Gorenstein [3] .
Finite subgroups of SL(2, C) are classified, up to conjugation, and the result of this classification is given in the following Theorem.
Theorem 2.2 ([15]
). Any finite subgroup of SL(2, C) is conjugate to one of the following subgroups: the binary tetrahedral group E 6 of order 24; the binary octahedral group E 7 of order 48; the binary icosahedral group E 8 of order 120; the binary dihedral group D n of order 4(n − 2) for n ≥ 4; the cyclic group A n of order n + 1.
It turns out that conjugate subgroups give isomorphic surface singularities. Hence the above classification induces a classification of RDP's [15] :
We review briefly the definition of the resolution graph and of the McKay graph associate to any RDP for future purposes.
Resolution graph
Any rational double point R has a unique crepant resolution ρ :R → R [2] . The exceptional locus of ρ is the union of rational curves C 1 , ..., C n with self-intersection numbers −2. Moreover, it is possible to associate a graph to the collection of these curves in the following way: there is a vertex for any irreducible component of the exceptional locus; two vertices are joined by an edge if and only if the corresponding components have non zero intersection. The list of the graphs obtained by resolving rational double points is given in [14] and in [2] . Each of this graph is called resolution graph of the corresponding singularity.
McKay graph
Let R be a RDP and G ⊂ SL(2, C) be a finite subgroup corresponding to R. We denote by Q = C 2 the representation induced by the inclusion G ⊂ SL(2, C). Let ρ 0 , ..., ρ m be the (isomorphism classes of) irreducible representations of G, with ρ 0 being the trivial one. Then, for any j = 1, ..., m we can decompose Q ⊗ ρ j as follows
is the graph with one vertex for any irreducible representation, two vertices are joined by a ij arrows. This graph is denoted byΓ G .
Remark 2.4. In [30] the representation graph of G was defined in a slightly different way. However it can be shown that, for finite subgroups of SL(2, C), the two definitions coincide.
Theorem 2.5 ([30]
). The McKay graphΓ G is an extended Dynkin graph ofÃDẼ type. Moreover the subgraph Γ G consisting of nontrivial representations is the resolution graph of the corresponding rational double point.
In the following, by abuse of notation, the graph Γ G will be also called McKay graph.
Definition of orbifolds with ADE-singularities
Notation 2.6. From now on, R will denote a surface in C 3 defined by one of the equations (3), i.e. a surface with a rational double point at the origin 0 ∈ C 3 . The crepant resolution of R will be denoted by ρ :R → R.
We say that the variety Y has transversal ADE-singularities if the singular locus S is connected, smooth, and the pair (S, Y ) is locally (in the complex topology) isomorphic to (C k × {0}, C k × R). We have the following Proposition 2.7. Let Y be a variety with transversal ADE-singularities. Then there is a unique complex holomorphic orbifold structure [Y ] on Y such that the fixed point locus of the local groups has codimension greater than 2.
It is a particular case of the well known fact that every complex variety with quotient singularities has a unique orbifold structure such that the fixed point locus of the local groups has codimension greater than 2 (see e.g. [41] 
Orbifold cohomology
To fix notations, we recall that an orbifold structure [Y ] over the topological space Y is given by a maximal orbifold atlas. An orbifold atlas is a family of orbifold charts
n is an open ball with center the origin, G y is a finite group acting holomorphically onŨ y keeping fix the origin, U y ⊂ Y is an open neighborhood of y, and χ y :Ũ y → U y is a continuous map which induces an homeomorphism between the quotient spaceŨ y /G y and U y . The orbifold chart (Ũ y , G y , U y , χ y ) is also called an uniformizing system at y. These charts are required to satisfy compatibility conditions whenever U y1 ∩ U y2 = ∅. These compatibility conditions can be expressed saying that, if U y ⊂ U y ′ , there exists an embedding
which consists of an open embedding ϕ :Ũ y →Ũ y ′ , a group homomorphism λ : G y → G y ′ such that ϕ is λ-equivariant. Moreover the embeddings are required to satisfy compatibility conditions.
As a vector space, the orbifold cohomology of [Y ] is defined by
where Y (g) is the underlying topological space of the twisted (untwisted) sector
T is the set of connected components of the inertia orbifold [Y 1 ], and ι (g) is the age (also called degree shifting) [10] . We work with cohomology with complex coefficients, so H * (Y (g) ) denotes singular cohomology with complex coefficients.
The orbifold cup product ∪ orb is defined in terms of an obstruction bundle [E], which is an orbifold vector bundle over the orbifold [Y 0 3 ] (which parametrizes points of Y together with three automorphisms (g 1 , g 2 , g 3 ) such that g 1 · g 2 · g 3 = 1) [10] .
There is an orbifold morphism
whose underlying continuous map is
Inertia orbifold and monodromy
Our reference for what concern topological coverings is [29] , with the difference that we consider also disconnected coverings. Recall that, if p :X → X is a topological covering, for any point x ∈ X the fundamental group π 1 (X, x) of X in x acts on the fiber p −1 (x). This action is the monodromy of the covering.
be an orbifold with transversal ADE-singularities, and let
Then, the restriction of τ :
and the connected components ofỸ 1 are the topological spaces Y (g) underlying the twisted sectors
Proof. Let {(Ũ y , G y , U y , χ y )} y∈Y be an orbifold atlas for [Y ] such that, for any y ∈ Y , (Ũ y , G y , U y , χ y ) is a uniformizing system at y. Consider the open cover of S {U y ∩ S : y ∈ S}. Thenτ −1 (U y ∩ S) = (g)y ⊂Gy,(g)y =(1)yŨ g y and the restriction ofτ toŨ g y is an homeomorphism. In other words,τ is a topological covering. Notation 3.2. For any y ∈ S we will denote by T y the fiberτ −1 (y).
The coveringτ :Ỹ 1 → S determines an action of π 1 (S, y) on T y for any y ∈ S. We will think at the action as a morphism
where Aut(T y ) is the group of automorphisms of T y . 
given in (4).
Identifying every conjugacy class of G y with its characteristic function, we get a representation of π 1 (S, y) on the vector space of class functions on G y ; here, as usual, a class function is a complex valued function on G y that is constant on each conjugacy class. We formulate now a Proposition which allows us to conclude that the set of class functions on G y , being characters of irreducible representations of G y , is invariant under the action of π 1 (S, y). Under the identification of any irreducible representation with its character, the image of m y is a subgroup of the group of automorphisms of the graph Γ Gy .
Proof. Let y ∈ S, (Ũ y , G y , U y , χ y ) be a uniformizing system at y. For any
In this case λ : G y ′ → G y is an isomorphism. So, we obtain a map which sends a representation of G y to a representation of G y ′ : let r : G y → GL(V ) be a linear representation of G y , then we associate
This map has the following properties: 1. it is bijective; 2. the character of r • λ is the composition of the character of r with λ; 3. it sends isomorphic representations of G y to isomorphic representations of G y ′ ; 4. it sends irreducible representations of G y to irreducible representations of G y ′ ; 5. it is compatible with the tensor product of two representations, that such that the following diagram commutes for any [31] . So, for any representation of G y , the representations of G y ′ obtained using λ and µ are isomorphic.
The previous arguments show that we have a map from the set of isomorphism classes of representations of G y to the set of isomorphism classes of representations of G y ′ that satisfies the above properties 1.-6. as before. We will denote with n y the class of NŨGy with open sets of the form U yi with y = y 0 = α(0), y 1 = α(t 1 ), ..., y k = α(1) = y, t 0 = 0 < t 1 < ... < t k = 1. The composition of the isomorphisms between the G yi 's gives an automorphism of G y . The induced map between isomorphism classes of representations satisfies conditions 1-6 as before.
Then, the first assertion follows from property 2. To show the second claim, it is enough to prove that, if y and y ′ are as before, then the map r → r • λ respects the McKay graphs. Hence let r 1 , ..., r m be the classes of irreducible representations of G y , and r 1 ′ , ..., r m ′ whose of G y ′ . Suppose that the correspondence sends r i to r i ′ . Let n y ⊗ r i = j a ji r j , and
On the other hand,
2), the automorphism group of Γ G is given as follows:
where we have written on the left side the group G and on the right Aut(Γ G ).
The previous considerations give constraints on the topology of the spaces Y (g) for (g) ∈ T . The following Corollary is an easy consequence of Prop. 3.4. Let [Y ] be an orbifold with transversal singularities of type A n , for n ≥ 2, or D n , for n ≥ 5. Then, for any (g) = (1), the topological space Y (g) is isomorphic to S if the monodromy is trivial, it is a double covering of S if the monodromy is not trivial. 
We describe now the inertia orbifold for an orbifold with transversal A n -singularities. We first study the case in which the monodromy is trivial. Then we can identify all the local groups G y , for y ∈ S, with the group of (n + 1)-th roots of unity µ n+1 in a canonical way as follows. For any y ∈ S, consider the representation of G y on the normal space NŨGy y /Ũy,0y
. It decomposes as direct sum of two representations 
are group isomorphisms, so we can identify G y with µ n+1 using g y or g −1 y . Since the monodromy is trivial, we can choose isomorphisms g y : G y → µ n+1 for any y ∈ S such that the following diagram commutes for any y ′ ∈ S with U y ′ ⊂ U y and any embedding
be an orbifold with transversal A n -singularities and trivial monodromy. Then,
where the action of µ n+1 on S is the trivial one.
Proof. Since the monodromy is trivial, using Cor. 3.6, we identify all the twisted sectors with S. Moreover we identify the local groups G y with µ n+1 for all y ∈ S as explained in Rem. 3.7. The result follows easily from these identifications.
Orbifold cohomology ring
We describe now the orbifold cohomology ring in the A n -case.
Let [Y ] be an orbifold with transversal A n singularities, then the orbifold structure [Y ] on Y induces an orbifold structure [S] on S in the following way. For any y ∈ S and any uniformizing system
So, the family of uniformizing systems {(Ũ Gy y , G y , U y ∩ S, χ y | )} y∈S defines an orbifold structure on the topological space S. Notation 3.9. We will denote by [S] the orbifold structure on S described above. 
Then the following result holds. We now describe the orbifold cohomology ring in the A 1 -case. In this case, there is only one twisted sector which is isomorphic to [S] . Then, as a vector space, the orbifold cohomology is given by
The obstruction bundle has rank zero (see e.g. [17] ), so its top Chern class is 1. Then
e . This can be deduced e.g. from Decomposition Lemma 4.1.4 in [10] .
Case A n with n ≥ 2 and trivial monodromy.
We will use the following convention.
Convention 3.11. Since the monodromy is trivial, we identify in a consistent way G y with µ n+1 for all y ∈ S as explained in Rem. 3.7. We also identify µ n+1 with the group Z n+1 of integers modulo n + 1 via the morphism
Then, g 1 , g 2 and g 3 in µ n+1 correspond respectively to a 1 , a 2 and a 3 in Z n+1 . We denote by a the vector (a 1 , a 2 , a 3 ).
Lemma 3.12. Let [Y ] be an orbifold with transversal A n singularities and trivial monodromy. If n ≥ 2, the orbifold vector bundle defined in Lemma 3.10 splits in a canonical way:
where [N ] Proof. Notice that Z n+1 acts on N (Ũ Gy y ,Gy,Uy∩S,χy | )
where g : Z n+1 → C * is the character a → exp( [N ]
, so that the result holds.
Notation 3.13. The orbifold cup product can be described in terms of the Chern classes of
But for later use we find more convenient to describe it in a different way. Consider the morphism
that, naively speaking, forgets the orbifold structure. It is easy to see that
for some line bundles M, L and K on S. The orbifold cup product will be expressed in terms of the Chern classes of M, L and K. 
The orbifold cup product is skewsymmetric and it is given as follows: Proof. Equation (9) is a direct consequence of Prop. 3.8. That ∪ orb is skewsymmetric follows from the fact that [Y ] is Gorenstein. To compute ∪ orb we will describe the obstruction bundle [E], then use the Decomposition Lemma 4.1.4. [10] . The orbifold vector bundles [E (a) ] have rank 0 if a 1 = 0, a 2 = 0 or a 3 = 0 [17] . Let y ∈ S and a = (a 1 , a 2 , a 3 ) = (0, 0, 0). Then, by definition,
where G ⊂ Z n+1 is the subgroup generated by a 1 , a 2 , a 3 , Σ → P 1 is the Galois cover with Galois group G branched over 0, 1, ∞ ∈ P 1 and monodromy a 1 , a 2 , a 3 respectively [10] , [17] . We now replace (TŨ y ) |Ũ a y with the normal bundle NŨa y /Ũy and Σ with the Galois cover C → P 1 , induced by the inclusion G ⊂ Z n+1 , which has Galois group Z n+1 . So we have [17] :
Notice that p : C → P 1 is an abelian cover in the sense of [32] , so
where Z * n+1 is the group of characters of Z n+1 and Z n+1 acts on (L −1 ) c via the character c. So, using (7), we have
By Prop. 2.1 of [32] we have that
which concludes our proof.
The general case.
We now study the case in which the monodromy is not trivial. Let y ∈ S be a point, then we have a surjective homomorphism
We identify Aut(Γ An ) with
we have a topological covering
whose monodromy is m y . The topological spaceŨ has a structure of variety with transversal A n singularities such that the associated orbifold [Ũ ] has trivial monodromy. There is a unique morphism of orbifolds
with associated continuous map p. Moreover we have a morphism between the inertia orbifolds:
). We will denote by p * 1 this isomorphism. defines an associative product such that
is a ring isomorphism.
Proof. Using Prop. 3.8 we identify the inertia orbifold of [Ũ 1 ] as follows
whereS := p −1 (S) and Z n+1 acts trivially. Z 2 acts onŨ 1 by the monodromy of p :Ũ → U oñ U and it acts on ⊔ a∈Zn+1−{0}S × {a} through
whereỹ → ǫ ·ỹ is the monodromy onS. This action induces an action of Z 2 onŨ for ǫ ∈ Z 2 . This complete the proof.
Examples
We give here some special examples of orbifold cohomology rings.
Example 3.17. : surface case. Let Y be a projective surface with one singular point of type A n . So S = {p} is a point and a neighborhood U of p ∈ Y is isomorphic to
Here U is the quotient of C 2 by the action of the group µ n+1 given by
The product rule is given by
Example 3.18. : transversal A 2 -case, trivial monodromy. In this case we have
as a vector space. Given δ 1 + α 1 e 1 + β 1 e 2 , δ 2 + α 2 e 1 + β 2 e 2 ∈ H * orb (Y ), the following expression for the orbifold cup product holds:
Crepant resolution
In this Section we show that any variety with transversal ADE singularities Y has a unique crepant resolution ρ : Z → Y . Then we restrict our attention to the A n -case and trivial monodromy. In this case we describe the exceptional locus E in terms of the line bundles L, M and K defined in Not. 3.13. Finally we compute the cohomology ring H * (Z) of Z in terms of the cohomology of Y and of the Chern classes of L, M and K.
Existence and unicity
First observe that if R ⊂ C 3 is a rational double point. Then R has a unique crepant resolution ρ :R → R, whereR can be obtained by blowing-up successively the singular locus. The exceptional locus C ⊂R is the union of rational curves C l with self-intersection C l · C l = −2. The shape of C insideR is described by the resolution graph (Section 2.1).
be a surface singularity of type A n . Let r : R 1 = Bl 0 R → R be the blow-up of R at the origin. Then R 1 is covered by three open affine varieties U, V and W , where
and the restriction of r to U, V, W is given by
If n = 1, R 1 is smooth and the exceptional locus is given by one rational curve C. A direct computation shows that C · C = −2. If n ≥ 2, R 1 has a singularity of type A n−2 at the origin of W and the exceptional locus is the union of two rational curves meeting at the singular point. Then, after a finite number of blow-ups, we get a smooth surface. LetR be the first smooth surface obtained in this way, ρ :R → R the composition of the blow-up morphisms and C = C 1 , ..., C n be the components of the exceptional locus. Then C l · C l = −2 for any l ∈ {1, ..., n} and moreover there exists an isomorphism of sheaves
Hence ρ :R → R is crepant.
We have the following result. As in the surface case, after a finite number of blow-up, we will find a smooth variety. Define Z to be the first smooth variety obtained in this way, and ρ be the composition of the blow-up morphisms. We now show that ρ * K Y ∼ = K Z . In general we have
where E l are the components of the exceptional divisor E of ρ and a l are integers defined as follows. Let z ∈ E l be a generic point, and g l = 0 be an equation for E l in a neighborhood of z. Let s be a (local) generator of K Y in a neighborhood of ρ(z). Then a l is defined by the equation
where z 1 , ..., z d are local coordinates for Z in z [11] . In our case, Y is locally a product R × C k , so Z is locally isomorphic toR × C k , with k = d − 2. Then, sinceR → R is crepant, a l = 0 for all l ∈ {1, ..., d}.
We now prove unicity. Assume that ρ 1 : Z 1 → Y is another crepant resolution of Y . By [18] , Lemma 2.10, the exceptional locus of ρ 1 is of pure codimension 1 in Z 1 . Let I S/Y be the ideal sheaf of S in Y . The sheaf J := ρ −1 [21] . Repeating this argument we get a morphism f : Z 1 → Z. To see that f is an isomorphism we notice that the morphism
is an isomorphism since it corresponds to a non zero global section of
. This shows that f is a local isomorphism, and since it is birational, it is one to one.
Geometry of the exceptional divisor
We now restrict our attention to varieties with transversal A n singularities such that the associated orbifold [Y ] has trivial monodromy. In this case any component of the exceptional divisor has a structure of P 1 -bundle on S and we describe it as the projectivization of a vector bundle of rank 2. These vector bundles will be defined in terms of the line bundles L, M and K previously introduced. This will allow us to give a description of the cohomology of Z in terms of the Chern classes of L, M and K so that we can compare the orbifold cohomology ring The exceptional divisor will be denoted by E and by j : E → Z the inclusion, the restriction of ρ to E by π : E → S.
For every vector bundle F over the variety X, by P(F ) we denote the projective bundle of lines in F as defined in [19] Appendix B.5.5 (and therein denoted by P(F)). On P(F ) there is a canonical line bundle O F (1). So, for any integer m ∈ Z, we have the line bundle O F (m) on P(F ), for further details see [19] .
The
Moreover F and G are related by
Proof. We have that Z = Bl S Y and the normal cone C S Y of S in Y is a conic bundle with fiber isomorphic to {(x, y, z) ∈ C 3 : xy − z 2 = 0}. Therefore π :
bundle over S and in particular it is irreducible. Since S is smooth, there exists a rank two vector bundle F on S such that E ∼ = P(F ). Let us fix one of these bundles and denote it by F . The normal bundle N E/Z is a line bundle whose restriction on each fiber π −1 (s) is isomorphic to O P 1 (−2), then (12) follows. Using the projection formula (see e.g. [21] ), we have (13).
The case n ≥ 2 Notation 4.5. Since the monodromy is trivial, the exceptional divisor E of ρ : Z → Y has n irreducible components. We denote such components by E 1 , ..., E n in such a way that
The restriction of π : E → S to E l is denoted by π l : E l → S, and the restriction of j : E → Z to E l by j l : E l → Z, for l ∈ {1, ..., n}. We denote by β l the generic fiber of π l .
Proposition 4.6. There are line bundles L l , M l on S, for l ∈ {1, ..., n}, such that:
a. for any l ∈ {1, ..., n} there is an isomorphism E l ∼ = P(L l ⊕ M l ) (which we fix for the rest of the paper);
, for all l ∈ {1, ..., n};
c. under the identification of E l with P(L l ⊕ M l ) in a, we have the following description of the intersection locus of two components of E:
Proof. We prove the Proposition in the following way: we identify Z with the variety obtained from Y after a finite number of blow-ups; we will show that at each blow-up the normal cone to the singular locus is the union of two vector bundles of rank two over S; finally we describe these vector bundles in terms of L, M and K. Let {U i } i∈I be an open covering of a neighborhood of S in Y such that there are isomorphisms
The embeddings among uniformizing systems of the orbifold structure
Let Φ ij , F ij , G ij be the components of ϕ ij with respect to the coordinates
F ij · G ij are functions of w i , x i , y i and z i respectively. Moreover we have the following change of variable expression
+ higher order terms 3.13 ). To conclude, we distinguish two cases: n even and n odd.
n even From the previous considerations it is clear that the normal cone of S in Y is the union of two irreducible components, C 1 and C 2 . Moreover C 1 and C 2 have a structure of vector bundles of rank 2 over S and they are given by
Furthermore the intersection C 1 ∩ C 2 in C S Y is given by the line bundle K. Then we define
If n = 2 the result holds, otherwise Bl S Y is a variety over Y with transversal A n−2 singularities, the exceptional divisor is P(C S Y ) = P(C 1 ) ∪ P(C 2 ), the singular locus is P(C 1 ) ∩ P(C 2 ). Let (a i , b i , z i ), (a j , b j , z j ) be coordinates in a neighborhood of the singular locus. The blow-up morphism, in these coordinates, is given by:
The two systems of coordinates, (a i , b i , z i ) and (a j , b j , z j ) are related as follows:
Notice that, on the right hand side of the first two equations, both numerator and denominator are multiples of z i . So, after dividing by z i , (14) 
Then the normal cone of the singular locus, after the first blow-up, is the union of the irreducible
Under the identification of the strict transform of
Proceeding in this way, after k = n/2 steps we get the result. n = 2k + 1 odd We can identify E k+1 with P(L k+1 ⊕ M k+1 ) in such a way that point c of the proposition is verified. The only thing we have to show is that
This can be seen in the following way. Write
for some line bundle G on S, so
(see e.g. [19] , Appendix B.5.6). So we get the relation
The same considerations for k + 1 give the relation
This prove the assertion.
Cohomology ring of the crepant resolution
Notation 4.7. In this Section we use Not. 4.5. Moreover, by abuse of notation, for any variety X and line bundle L on X, we will denote by L the first Chern class c 1 (L) ∈ H 2 (X). If α ∈ H * (X), then the cup product α ∪ c 1 (L) ∈ H * (X) will be denoted by αL.
The A 1 -case Proposition 4.8. Let Y be a variety with transversal A 1 singularities. Then the following map is an isomorphism of vector spaces
Under the identification of H * (Z) with H * (Y ) ⊕ H * −2 (S) E by means of (15), the cup product of Z is given by
Proof. The map (15) is clearly an isomorphism of complex vector spaces. From the projection formula we get
for some δ ∈ H * (Y ) and α ∈ H * (S). Using again the projection formula we have
To determine α we notice that π
The A n -case 
Under this identification the cup product of Z is given by
where the vector (α 1 , ..., α n ) is
• if i = j − 1 and j ∈ {2, ..., n} it is defined by the system 
• if i = j and j ∈ {1, ..., n} then it is defined by 
For the proof we need two lemmas:
Lemma 4.10. For any q we have an exact sequence
where [j * ] is the composition of j * with the projection
The sequence splits, so we get an isomorphism of vector spaces
Proof. The exactness follows by comparing the exact sequences of the pairs (E, Z) and (S, Y ).
The sequence splits since there exists a push-forward morphism ρ * :
Lemma 4.11. There is a canonical isomorphism of vector spaces
Proof. This is an easy consequence of the structure of the cohomology of P 1 -bundles.
Proof of Proposition 4.9. Let us denote by c n the n × n matrix which is minus the Cartan matrix,
As a consequence of the above Lemmas we have that the vector spaces H * (Y )⊕ n l=1 H * −2 (S) E l and H * (Z) have the same dimension, so it is enough to show that the map in (16) is injective. Hence let us assume that
Moreover, applying j * k to (19) we get the following equation up to elements in π *
where, by
we mean the cohomology class dual to the homology class of (20) is a consequence of Prop. 4.6 and the following identities (see [19] ): (20) we have (c n ) kl α l = 0 for any k = 1, ..., n. Since c n is non-degenerate, α l = 0 for all l. This shows that the map is injective and hence an isomorphism.
Then to prove (17), we write
where δ ∈ H * (Y ) and α l ∈ H * (S). Then
To determine the α l 's, we pull-back through j k both sides of (21) obtaining, up to elements in
On the other hand, the left side of (21) reads
We now distinguish three cases.
Case |i − j| > 1. Then E i ∪ E j = 0.
In order to compute N E l /Z we proceed as in the last part of the proof of Prop. 4.6. We get
Therefore, up to elements in π * k (H * (S)), we have
Then the α l 's are uniquely determined by the following system 
Case |i−j| = 0. This case is analogous to the previous one hence we omit the computations.
Quantum corrections
In this Section we compute the quantum corrected cohomology ring (as introduced in Def. 1.8) of the crepant resolution ρ : Z → Y of a variety with transversal A n singularities. We will assume that the orbifold [Y ] associated to Y has trivial monodromy.
Gromov-Witten invariants of the crepant resolution
We give here a conjectural formula for the genus zero Gromov-Witten invariants of Z which are needed to compute the quantum corrected cohomology ring. We will use Notation 4.5. Moreover we identify H * (Z) with H * (Y ) ⊕ n l=1 H * −2 (S) E l by means of the isomorphism (16) , so that a cohomology class γ ∈ H * (Z) of Z will be denoted by
Let β l ∈ H 2 (Z, Z) be the class of a fiber of π l : E l → S. Then β 1 , ..., β n is an integral basis of Ker ρ * (see Assumption 1.3). We will denote by Ψ Z Γ (γ 1 , γ 2 , γ 3 ) the genus zero Gromov-Witten invariant of Z and homology class Γ = a 1 β 1 + ... + a n β n ∈ H 2 (Z, Z), namely
where 
0 in the remaining cases.
where the second possibility holds if Γ = a · β µν with β µν := β µ + ... + β ν for µ, ν ∈ {1, ..., n} with µ ≤ ν, and γ i = α i · E li for i ∈ {1, 2, 3}.
Remark 5.2. We give here an outline of the proof of the previous conjecture. For further details and for a proof of Th. 5.3 we refer to [34] . In Section 7 we will prove this conjecture in the A 1 -case, in the A n -case if Γ = β µν , and also in the A n -case for any Γ under some additional hypothesis on Z, these results will be used in order to prove the conjecture in the general case. Our references for virtual fundamental classes are [4] and [28] . In particular notations are taken from [4] .
It follows from Lem. 7.1 the existence of a morphism φ :M 0,0 (Z, Γ) → S of Deligne-Mumford stacks such that, if Γ = β µν , then it is an isomorphism. Therefore, under the identification of S withM 0,0 (Z, β µν ), we get
where, by abuse of notation, we denote by φ also this morphism. Notice that (25) depends on Γ. Under the identification ofM 0,0 (Z, β µν ) with S by means of (25), we have, by Th. 7.9,
Therefore, Conj. 5.1 is equivalent to the following statement (see Lem. 7.5):
where
denote the standard obstruction theories of Gromov-Witten theory. It can be proved that there exists a morphism
be the mapping cone of Θ, then by the standard properties of the mapping cone we have the commutative diagram below
where the rows are distinguished triangles and L
• φ denotes the relative cotangent complex of φ.
φ is a relative perfect obstruction theory and its restriction on each fiber of φ is an obstruction theory of virtual dimension 0. Hence (26) is a consequence of the next result. 
Y be perfect obstruction theories. Assume further that there exists a morphism Θ :
where we have denoted by [X] vir the virtual fundamental class with respect to E
• X , the same for Y and f −1 (y).
Now, it remains to prove (27) . Notice that this problem is local with respect toM 0,0 (Z, β µν ). On the other handM 0,0 (Z, β µν ) ∼ = S and all the varieties with transversal A n singularities are locally isomorphic. Therefore, we can assume that Z satisfies the hypothesis of Th. 7.15 and hence (27) follows from this theorem. 
and all the Gromov-Witten invariants vanish.
Quantum corrected cohomology ring
Proposition 5.5. Let Y be a variety with transversal A n singularities such that n = 1 or n ≥ 2 and the corresponding orbifold [Y ] has trivial monodromy. Let ρ : Z → Y be the crepant resolution. Then, with the hypothesis under which Conj. 5.1 holds, the quantum corrected cup product * ρ is given by
where (c −1 n ) is the inverse matrix of (18), q := (q 1 , ..., q n ),
Here β µν := β µ + ... + β ν and α ijm = α = −4R 1 π * N E/Z if n = 1, otherwise it is defined by
Proof. First of all we notice that if
Indeed, in this case, all the Gromov-Witten invariants Ψ Z Γ (γ 1 , γ 2 , γ 3 ) are 0 if Γ ∈ Kerρ * . Therefore the quantum corrected cohomology ring is determined by E i * ρ E j , for all i, j ∈ {1, ..., n}.
By definition we have that
where E i ∪ qc E j is defined by the equations
From Prop. 4.9, it is enough to show that
In general, we have
To lighten the notations, we will denote ǫ 1 (q) with ǫ l for all l ∈ {1, ..., n}. Notice that
⊥ is the subspace of H * (Z) which is orthogonal to H * (Y ) with respect to the Poincaré pairing. We compute the left hand side of (30):
On the other hand, the right hand side of (30) is given by
Therefore, comparing the two expressions, (31) holds.
We give now a description of the line bundle R 1 π * N E/Z . This will be used to compare the orbifold cohomology of [Y ] and the quantum corrected cohomology of Z.
Lemma 5.6. For any µ ≤ ν, µ, ν ∈ 1, ..., n, there is an isomorphism
where K is the line bundle defined in Not. 3.13.
Proof. Let us first assume that µ < ν. Then let a be an integer which satisfies i ≤ a < j,
This gives the exact sequence
We now claim that
This follows from the long exact sequence which is obtained applying the functor R • π * to (32) . Notice that
Then, since
we get the result by considering the explicit description of the divisors E i in terms of the line bundles L i , M i and K given in Prop. 4.6. If µ = ν = l, then the result follows from (23).
6 Verification of Conjecture 1.9 for A 1 and A 2 singularities
We put together the computations of the previous Sections in order to verify Conj. 1.9 in the A 1 and A 2 -case.
The A 1 -case
In this case Conj. 5.1 is proved in Th. 7.6, so the quantum corrected cohomology ring reads
On the other hand, the orbifold cup product is given by
It is easy to see that the morphism below is a ring isomorphism In this case, the quantum corrected cohomology ring H * ρ (Z)(q 1 , q 2 ) can be given explicitly using Prop. 5.5:
On the other hand, the orbifold cohomology ring H * We look for a linear map
and (q 1 , q 2 ) such that (34) is a ring isomorphism.
First of all we notice that the previous expressions for the quantum corrected cup product * ρ and for the orbifold cup product ∪ orb are symmetric if we exchange E 1 with E 2 , L with M and e 1 with e 2 . So we impose the conditions b = c and a = d. In order that (34) is a ring isomorphism, a, b, q 1 and q 2 have to satisfy the equations
Now, identifying the coefficients of e 1 and e 2 , we get the following system of equations:
In special cases there could be relations between L and M so that the previous system can be simplified, but in general they are independent. The resulting system can be solved and the solutions are
So, we have proved the following. 
where (a, b) is equal to ( √ 3exp( In this section we prove Conj. 5.1 in some cases. As we saw in Rem. 5.2, the fact that it holds in the following cases will be used to prove it in general. First we give some general results which allow us to simplify the computation.
Lemma 7.1. Under the same hypothesis of Conj. 5.1, there is a morphism φ :M 0,0 (Z, Γ) → S such that, for any point p ∈ S, the fiber φ −1 (p) is isomorphic toM 0,0 (R, Γ) (see Not. 2.6). Moreover, there is a covering U → S in the complex topology and a Cartesian diagram
If Γ = β µν for µ ≤ ν, then φ is an isomorphism.
Proof.
Step 1. We first prove that for any scheme B of finite type over C and any object
, there is a morphism g : C → E such that f = j • g, where j : E → Z is the inclusion map.
Let O Z (E) be the line bundle over Z associated to the divisor E, and let s be the section of O Z (E) defined by E, that is, s = {s i } where s i are local equations for the Cartier divisor E. Then f factors through E if and only if f * s vanishes as section of f
First of all we assume that B = Spek(C). Then
where ρ * and f * are the morphisms of Chow groups induced by ρ and f respectively and [C] is the fundamental class of C. It follows that the image of ρ • f is a point y ∈ S, so that f (C) ⊂ E. Since C is reduced, f factors through E [21] . Notice that f (C) is contained in a fiber of π : E → S. Assume now that B is a scheme of finite type over C and f : C → Z is a stable map over B. Given a point b ∈ B, let X be the sub-variety of B whose generic point is b, namely X = {b}. For any closed point x ∈ X we have that H 0 (C x , f * O Z (E) |Cx ) = 0 because f |Cx factors through a fiber of E over S. By Cohomology and Base Change it follows that
is coherent, it is zero on a neighborhood of x, so it is zero on b.
Step 2. Let ϕ := π • g : C → S. We prove that there exists a morphism φ :
First of all we define a continuous map φ : B → S such that ϕ = φ • p. From Step 1 we have that, if b ∈ B is a closed point, we can define φ(b) by
Now, let b ∈ B be any point, and let X be the sub-variety whose generic point is b. Then we define φ(b) to be the generic point of the closure of φ(X) in S. The condition ϕ = φ • p implies that φ is continuous. In order to give a morphism φ : B → S it remains to find a morphism of sheaves
For this, we take the composition of ϕ
Notice that, since p : C → B is a flat family of genus zero curves, the canonical morphism
The existence of an open covering U → S such that (36) is Cartesian follows from the local structure of Z.
Finally the last statement follows from the fact that if Γ = β 1 + ... + β n , then we have an inverse of φ. It is given by sending any morphism B → S to the stable map
is an element inM 0,0 (Z, β µ + ... + β ν )(B), then for any C-valued point b ∈ B, the morphism f b : C b → Z is an embedding. Then there is a neighborhood U ⊂ B of b such that the restriction
is a family of embeddings parametrized by U ( [40] , Note 3 pag. 222). First order deformations of
This identifies the tangent space ofM 0,0 (Z, β µ + ... + β ν ) at b with T S,φ(b) .
Remark 7.3. We write explicitly the morphism on tangent spaces
where [C] denotes the C-valued point
inM 0,0 (Z, Γ), and x = ρ(f (C)) ∈ S. For any C-module N , the tangent space TM 0,0(Z,Γ), [C ] (N ) can be identified with the module
which parametrizes commutative diagrams of the form
S Ω S,x and the module (38) is isomorphic to
Since f * S Ω S,x → Ω C is the zero morphism, we get a morphism
Then (37) is the composition of the projection of (39) on the second factor with (40) .
Proof. By the Equivariance Axiom for Gromov-Witten invariants (see e.g. [12] ) we can assume that γ 3 = ρ * (δ 3 ). The virtual dimension ofM 0,3 (Z, Γ) is equal to the dimension of Z. Hence let γ 1 , γ 2 , γ 3 be cohomology classes such that
We have the following commutative diagram
Lemma 7.5. In the above situation the following equality holds,
Proof. Consider the Cartesian diagram below which defines
where the arrow in the last line is the diagonal embedding. From Lemma 7.1 the evaluation morphism ev
We now apply the divisor axiom getting
7.1 Proof of Conj. 5.1 in the A 1 -case
This case is a generalization of the computation of the Gromov-Witten invariants done in [26] .
To prove our result we use some ideas from that paper. We use the same notation of Prop. 4.4. We will denote by
the universal stable map and by g : C → E the morphism such that f = j • g (Lem. 7.1).
Theorem 7.6. Conjecture 5.1 holds for Z being the crepant resolution of a variety with transversal A 1 -singularities.
We now prove some lemmas at the end of which we will conclude that Th. 7.6 is true.
Lemma 7.7. The moduli stackM 0,0 (Z, aβ) is smooth of dimension dimS = 2a− 2. The virtual fundamental class is given by
is a vector bundle of rank r = 2a − 1.
Proof. The smoothness ofM 0,0 (Z, aβ) follows from the fact that the fibers of φ are smooth (see Lem. 7.1). Indeed they are all isomorphic toM 0,0 (P 1 , aβ). The dimension ofM 0,0 (Z, aβ) is easily computed. Equation (43) follows from [4] . It remains to prove equation (44) .
We first show that R 1 p * (f * T Z ) is a vector bundle of rank 2a − 1, and
Let u = [µ : D → Z] ∈M 0,0 (Z, aβ)(SpecC) be a stable map. Consider the following exact sequence of locally free sheaves on E
Since
which has dimension 2a − 1. This shows that the dimension of
is locally free of rank 2a − 1. To prove (45) we apply R
• p * to the exact sequence
Lemma 7.8. We have the exact sequence
where F is a vector bundle of rank 2a − 2 whose restriction on each fiber of φ −1 (p) is now described. Consider the commutative diagram
is the restriction of p (resp. g) on it, E p = π −1 (p) and π p is the restriction of π. Then, under the identification of E p with P 1 , the restriction of
The virtual dimension is dim(S) − 1 and the virtual fundamental class is given by
where E • is the complex [4]
Without loss of generality we assume that µ = 1 and ν = n.
Lemma 7.10.
Proof. The complex of sheaves
7.3 Proof of Conj. 5.1 for n ≥ 2 and Γ general
We use the fact that Gromov-Witten invariants are invariant under deformation of the complex structure of Z, so we will add the assumption that some first order deformations of Z are not obstructed.
Notation 7.11. For any variety X, we will denote by T X the sheaf of C-derivations, i.e.,
where Ω 1 X is the sheaf of differentials of X. Assume that H 2 (Z, T Z ) = 0, then we have the following exact sequence of cohomology groups (Ω Cµν , O Cµν ) is a sheaf supported on the nodes of C µν . This complete the proof.
Remark 7.14. Notice that R 1 ρ * T Z is locally free of rank n and is supported on S. Since also R 1 (π µν ) * N Eµν /Z is locally free of rank 1 (Lem. 5.6), it follows that D µν is locally free of rank n − 1 and it is supported on S.
Theorem 7.15. Let Z be the crepant resolution of a variety with transversal A n singularities such that the associated orbifold has trivial monodromy. Assume furthermore that H 2 (Z, T Z ) = 0 and that, for any µ, ν ∈ {1, ..., n} with µ ≤ ν, there exists a global section of R 1 ρ * T Z which intersects D µν transversally (see Lemma 7.13) . Then Conjecture 5.1 holds for Z.
Proof. We first prove that
Let σ ∈ H 0 (Y, R 1 ρ * T Z ) be a section and consider a first order deformation of Z associated to σ (Rem. 7.12):
There exists a finite deformation of Z which at the first order coincides with (53), we will denote this deformation by
where ∆ is a small disc in C around the origin 0 ∈ C (this is the Kodaira-Nirenberg-Spencer Theorem (1958) [23] , see also [40] for a review).
We 
Let H be the semi-universal deformation space ofR and letR → H be the semi-universal family [5] (see also [22] and [42] ). H is an n-dimensional complex vector space and there is a natural isomorphism H 1 (R, TR) ∼ = T H,0 .
Then under the identification
the restriction of σ to U corresponds to a function σ U : U → H 1 (R, TR) ∼ = T H,0 .
Moreover (55) can be obtained as a pull-back of the semi-universal familyR → H under a morphism
where t denotes the variable in ∆.
A generic deformation ofR has no complete curves. More precisely, the discriminant locus D ⊂ H is defined as the set of points h ∈ H such that the corresponding surfaceR h has a complete curve (see [8] Prop. 2.2). It turns out that
where D µν are hyper-planes through the origin (see [5] , [8] , [22] , [42] ). Moreover a generic point of D µν corresponds to a deformation ofR with a complete curve whose homology class is [C µ ] + ... + [C ν ] (where C = C 1 + ... + C n is the exceptional divisor of ρ :R → R). Thus the locus of points p ∈ U where the curve π −1 µν (p) deforms in V has codimension 1, and the locus of points where curves in the fibers of π of different homology classes deforms has codimension greater than 1.
Since the expected dimension ofM 0,0 (Z, Γ) is dim(S) − 1, (52) follows (see (41)). Now we consider the case Γ = aβ µν . From (41) it is enough to prove that 
in the following way. We choose a section σ ∈ H 0 (Y, R 1 ρ * T Z ) which intersects transversally D µν . Then (57) is given by σ in the same way as (54). The deformation invariance property implies for any t ∈ ∆. We claim that for generic t ∈ ∆ the number of rational curves in Z t that pass through three sub-varieties of class α 1 E l1 , α 2 E l2 and α 3 E l3 is
[{p ∈ S : ob µν (σ) = 0}] ∩ (α 1 ∪ α 2 ∪ α 3 )
and moreover, each of this curve is isomorphic to P 1 with normal bundle O(−1) ⊕ O(−1) ⊕ O ⊕dimS . Then the result follows from the fact that the Poincaré dual of the homology class [{p ∈ S : ob µν (σ) = 0}] is c 1 (K) (Lem. 5.6) and from the Aspinwall-Morrison formula (see e.g. [12] Th. 7.4.4).
We first show that for a generic t ∈ ∆ the locus in Z t of complete curves of homology class Γ is homologous to π −1 µν ({p ∈ S : ob µν (σ) = 0}) ⊂ Z.
First notice that the set (58) is the locus of curves in Z of homology class Γ which deform in Z 1 (the first order deformation of Z induced by (57)). Indeed fiber-wise the morphism ob µν is the morphism H 1 (R, TR) → H 1 (C µν , N Cµν /R ) which associates to any first order deformation ofR the obstruction to extend C µν in such deformation [40] . Then, we notice that, if a curve π −1 µν (p) deforms in Z at the first order, then it deforms in Z for generic t ∈ ∆. To see this, let U ⊂ S open neighborhood of p ∈ S isomorphic to a ball in C k with coordinates (x 1 , ..., x k ). The deformation Z induces a deformation V as (54). As before V is given by a holomorphic map
Our hypothesis imply that
Using the first condition we have Σ U (x, t) = tΣ U (x, t) for some functionΣ U : U × ∆ → H. Then the claim follows from the implicit function theorem applied toΣ U (x, t). To compute the normal bundle of these rational curves, notice that locally Z t is isomorphic to the product of C k−1 (k = dimS) with the semi-universal deformation of the resolution of the A 1 -singularity.
